We use the Coulomb-Born approximation to calculate the total cross section for the electronic excitation of ionized atoms. When the incident energy is high and the atom is highly ionized we can use the eikonal and classical approximations simultaneously. In this case the scattering amplitude reduces to a one dimensional path integral. The path integral, in turn, can be reduced, to any desired accuracy, to a sum over integrals which can be done analytically. Using this procedure, we have calculated the total .cross section for the heavily • ",.;" -1-
INTRODUCTION
Electron impact excitation of various types of atomic ions has been examined in different approximations l with or without the inclusion of exchange. Most of the calculations are done in the Coulomb-Born approximation, hO,iever. The Coulomb-Born approximation differs from the ordinary Born approximation in that plane waves are replaced by Coulomb waves. The Coulomb-Born approximation for the excitation of positive ions should.yield more accurate results, especially for high values of ionic charge Z, than the ordinary Born approximation for the excitation of neutral atoms. This follows from the fact that for high Z the perturbation potential, which is taken to be the interelectronic interaction, is much smaller than the Coulomb potential of the ion.
Consider an ionized atom with one electron in its external shell. As we shall show later, the Coulomb-Born amplitude, without exchange, has the form:
where T C.B. fi and are the Coulomb "lave functions representing the incident and scattered electrons respectively. Here the "effective" interelectronic interaction V fi is defined by:
where U i and U f are, respectively, the initial state and final state wave functions of the bound electron. -2- The use of the Coulomb-Born approximation alone is not enough, in general, to reduce the above expression for the scattering amplitude to an analytical form. Further approximations are necessary to accomplish this. Usually, one expands the wave functions and the interelectronic interaction in terms of the spherical harmonics and then integrates the resulting expression numerically. However, those who have pursued this way have confined themselves to the dipole term in the expansion of the interelectronic potential. 2 According to an estimate by Burgess, the dipole term, at moderate energies, accounts for about hlO-thirds of the total cross section. Using this procedure, with some variations in details, electron impact excitation cross sections have been calculated 3 for hydrogenic ions by Tully (1960) and Burgess (1961) , for He+ by + . 3+ 5+ 9+ Tully (1960) , for lithium-like ions (Be, C ,0 ,and Mg ) by Belly, Tully, and Van Regemorter (1963) , for sodium-like ions (Mg+, Si 3 +, and Fe 15 +) by Belly, Tully, and Van Regemorter (1963) ; also by Kreueger and Czyzak (1965) , and for potassium-like -ions (Ca+) by Van Regemorter (1960 , 1961 . Except for the case of Is ~ 2s transition in + He , there are no experimental data to compare with these calculations.
In the case of He+ where experimental data is available, the theoretical threshold behavior is different from the experimental one.
Another approximation frequently used in conjunction .vi th the Coulomb-Born approximation is to assume that the main contribution to the cross section comes from optically 4110wed transitions. Furthermore, the potential V .. Jl is replaced by its asymptotic limit at large interelectron separations:
In this case we get: = where we have introduced the oscillator strength f(j,i) defined by: and the Krammers-Gaunt g-factor defined by:
This procedure leads to a crude estimate of the excitation cross section. One can improve it by introducing suitable cut-off factors· in the relevant integrations.
Another procedure for the calculation of electron impact excitation cross section of ions is the so-called close coupling approximation. Here one expands the complete wave function of the system in terms of atomic 0ave functions and then tries to solve the resulting integr.odifferential equations numerically. However, in the expansion of the total v!ave function one keeps only a few of the lovJest lying atomic states. ·This leads to a small· nuxnber of coupled intergrodifferential equations. This approximation has been used in the -4calculation of the excitation cross sections for
He· and N In the case of He+ where experimental data is available, there is a serious discrepancy between the experimental threshold behavior and the result of the close coupling approximation.
In this paper, in order to reduce the Coulomb-Born scattering amplitude to an analytical expression,we have followed Chen and watson 4 in using the combination of the eikonal and classical approxi- Thus, it is· for highly ionized atoms that there is a region of overlap for the validity of these two approximations. This range is defined by:
To calculate the eikonal functions, we need to know the equations of the trajectories. However, it is shown by Chen and Watson 5 that the eikonal is not very sensitive to the form of the trajectory chosen.
Thus, for an elastic scattering with the incident momentum ~ k and the scattering angle 28 we have chosen a trajectory which consists of two straight lines intersecting at an angle 28. From now on we refer to this as a "triangular" trajectory.
In this calculation, we assume that all electrons are distin- 
" -7-

EXCITATION OF ATOMIC IONS IN THE COULOMB-BORN'APPROXIMATION
We consider the excitation of an ionized atom, which has one electron in its external shell, through electron impact. Since the • mass of the electron is much smaller than that of the ion, we shall neglect the motion of the latter. Therefore, the center of mass of the system is essentially at the center of the ion. We shall also assume that the incident and atomic electrons are distinguishable. Throughout this paper we shall use atomic units. These are defined by putting m == e == n == 1.
In our model, the Hamiltonian for the system of incident electron and ion is:
It -t,
Here Z is the net charge of the ion; and 1 and t, denote the position coordinates of the incident and the outermost atomic electrons respectively. The origin of the coordinate system is taken to be at the center of the ion. Wi. Then, according to Lippmann-Schwinger formalism we have:?
the transition amplitude turns out to beB = Substituting for X f from (1), we get:
In this problem the second term vanishes because the initial and final channels are not" connected by U. Thus, we have: = • ' . .
-9-
If we approximate 11' . + by ¢. +, we obtain the so-called Coulomb-Born 
Substituting (8) into (7) and using the :jchrodinger equation for the atom, we get: where E == 2" k' represents the energy of the incident electron.
Equation (9) is known to have solutions 9
Substituting (8) 
where V f1 ,
In the barycentric coordinate system, the differential cross section for the excitation of the ion has the form: 10 The total cross section is:
Usually, we are interested in transitions of the tY})e n£ ~ n' £' .
Therefore we sum over final states (m') and average over initial states (m): 
where the eikonal function S is defined by a path integral along the classical trajectory:
the condition for the validity of the eikonal approximation is ll
Using the first eikonal approximation for both· X k (+)
Eq. (12) takes the form:
and ( -)
According to (17) In these figues the angles 2~ and 2~' are the cl~ssical elastic scattering angles for momenta k and r, respectively. Now, to find the integration path, we write the equations of a "triangular" trajectory with the initial momentum k and a "triangular" trajectory with the final momentum k'. Then, we find points "where they meet and are tangent. It turns out that the integration path consists of the two dashed lines shown in Figs. (2a) and (2b) .
-16- Fig. 2a . Fig. 2b .
In Fig. (2a) we have trajectories I and II which correspond to elastic scattering with the scattering angles 28 1 and 28 2 respectively.
Similarly, in Fig. (2b) we have trajectories III and IV with the scattering angles 2~3 and 2~4 respectively. At each point of these trajectories we have a surface of constant eikonal which is normal to the trajectory at that point. The two principal radii of curvature of the eikonal surf'ace corresponding to trajectory ;'i" will be denoted by Rli and Thus, f'or example, and R23_ are the principal radii of' curvature of' the eikonal surface corresponding to trajectory III. In Fig. (2a) we have:
and in Fig. (2b) we have:
where g is the scattering angle.
-17-Having identified the integration path, we can write Eq. (21) in the form:
.. 
r.o (at high energies) .
To get Sq we integrate along the prescribed path with z-axis being for Figs . (2a) and (2b), we can write ¢(z) and ¢, (z') explicitly:
Here. zl can be expressed in terms of z and ~2; and z4 can be written in terms of z' and -22-CALCULATIOlr OF THE RADII OF CURVATURE First, we consider trajectory II, of Fig. (2a) Next, we consider trajectory I, corresponding to ~,(-), of Fig. (2a) . This time, we rotate the coordinate system about the origin through an angle ~l to obtain the (xi,zi) coordinate system whose zi-axis is parallel to ~'. In this case, according to Chen-Watson calculation, we have: 
The radii of curvature of the surfaces of constant eikonal correspondipg tq the trajectories of Fig. (2b) can be calculated in a: similar '.yay.
Explicit expressions for all of these radii of curvature are given in Appendix A. o '
A numerical evaluation of these integrals showed that with the exception of a phase factor all other factors in each integrand change very slowly. Thus, we can break each integral to a sum over integrals which have the' rapidly varying phase factor as their integrand. Each of these integrals ,is over a small interval. The interval is chosen such that the rest of the factors in the original integrand can be taken effectively constant. By increasing the number of integrals in each sum, we can get any desired accuracy. In this calculation, we have' chosen a limit of one per cent accuracy.
In looking for highly ionized atoms with one external electron, In these figures we have plotted total cross section against ( which -29is the energy of the incident electron in units of the excitation energy.
In Fig. 7 , we have plotted a typical differential cross section. One general feature of these figures is that for any ion the total cross section for 3p ~ 3d transition is smaller than that of 3s ~ 3p transition •. Furthermore, the total cross section for 3p -_oJ 3d transition varies slower than that of 3s -i·3p transition. Another general feature is that the total cross section decreases as the ionic charge increases.
Of these four ions that we have considered, only Fe 15 + has been dealt I'li th in the literature. There are t"'JO independent calculations of the total cross section for the 3s -7 3p transition of Fe 15 +. for the case of Fig. (2b) . Here we have defined:
is related to zby a rotation about the origin through an 
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